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We studied the exciton energy in a type II quantum disk
as a function of the magnetic field, disk radius R and height d.
We found angular momentum transitions for dots with d >>
2R. Application of an electric field perpendicular to the disk
showed a non-linear Stark shift. In the case of three vertically
coupled dots angular momentum transitions were found for
small interdot distances which disappeared with increasing
interdot distance.
PACS: 73.21.La, 71.35.Ji, 85.35.Be
I. INTRODUCTION
Self-assembled quantum dots, as realized by the
Stranski-Krastanow growth mode, have attracted con-
siderable interest during the last decade. Most of this in-
terest was dedicated to the study of type I quantum dots
[1–4], e.g. InAs/GaAs, where both electron and hole
are confined in the dot. Also very interesting, though
less studied, are the type II quantum dots [5–8], where
the quantum dot forms an antidot for one of the carriers,
e.g. for the holes in typically the InP/GaInP system or
the electrons in e.g. GaSb/GaAs.
In the first part of this work, we focus our attention
on the properties of an exciton in a single InP/GaInP
quantum dot, where the hole is located in the barrier
material. Our quantum dot is modeled as a quantum
disk, with radius R and thickness d and strain effects are
neglected. As a confinement potential, we take a hard
wall of finite height. Furthermore, we apply an exter-
nal magnetic field in the growth direction. To solve the
problem, we use a Hartree-Fock (HF) mesh calculation,
which allows very flexible solutions.
The second part of this work was dedicated to the
study of an exciton in three vertically coupled identical
dots with an interdot distance dd.
II. THEORETICAL MODEL
We obtained the exciton energy and wavefunction by
solving the HF single particle equations within the ef-
fective mass approximation (with me and mh the ef-
fective electron and hole masses, respectively, re,h =√
x2e,h + y
2
e,h, ωc,e = eB/me and ωc,h = eB/mh). The
HF single particle equations can be written as
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ψh(rh, zh) = ǫhψh(rh, zh), (1b)
with ρe(r
′, z′) and ρh(r
′, z′) respectively the electron and
hole densities. As confinement potentials, we take hard
walls of finite height, i.e.
Ve(h)(re(h), ze(h)) =
{
Ve(h), re(h) > R and |ze,h| > d/2,
0, otherwise,
(2)
with R the radius of the disk and d its thickness.
The equations have to be solved self-consistently,
which is done iteratively. We start with the free elec-
tron solution because in the absence of any Coulomb in-
teraction only the free electron is confined. The Hartree
integrals are integrated numerically
∫
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|r− r′|
dr′ = 4
∫
dz′
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(r + r′)2 + (z − z′)2
K
(
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)
dr′,
(3)
where K(x) is the complete elliptic integral of the first
kind. More details about the calculation and numerical
implementation of this integral is given in [7].
After convergence of the iteration procedure, the total
energy is obtained as follows
Eexciton = ǫe + ǫh +
e2
4πǫ
∫ ∫
ρe(r, z)ρh(r
′, z′)
|r− r′|
drdr′,
(4)
where ǫe(h) is the electron (hole) single particle energy
and ρe(h) is the electron (hole) density.
III. RESULTS
First we considered the exciton in a single quantum
disk. We took the following material parameters: me =
1
0.077m0, mh = 0.60m0, Ve = 250meV , Vh = −50meV
and ǫ = 12.61. The influence of the disk parameters (i.e.
radius and height) were studied in the absence of a mag-
netic field which resulted in the phase diagram shown in
Fig. 1. The solid curve corresponds to the probability to
find 50% of the hole wavefunction at the radial boundary
of the disk. Here the probability was calculated as
Pside = 2π
∫ ∞
−∞
dzh
∫ ∞
R
rh |Ψh(rh, zh)|
2
drh.
One can distinguish between two regimes: a) the disk-
like regime (d << 2R) where less than 50% of the hole
wavefunction is situated at the radial boundary, and b)
the pillar-like regime (d >> 2R) for the case of Pside >
50%. In order to give a more visual picture, we made
contourplots of the hole wavefunction for the two regimes,
shown as insets to Fig. 1 for the cases of R = 4nm,
d = 12nm and R = 12nm, d = 4nm. The two regimes
are a consequence of the fact that the hole tends to sit
as closely to the electron as possible. Therefore, when
d << 2R, the hole will prefer to sit above and below the
dot, whereas for d >> 2R the hole will be located at the
radial boundary. Because the volume available for the
hole above and below the dot is smaller than at the radial
boundary we found that the 50% division line is not given
by d ≃ 2R but could be approximated by d ≃ −8 + 2R
in the investigated (d,R) range as presented in Fig. 1.
An exciton will behave differently when a magnetic
field is applied along the z-direction depending on the
position of the quantum dot in the phase diagram. Fig. 2
shows the exciton energy as function of the magnetic field
for a disk-like system (Fig. 2(a), R = 12nm, d = 4nm)
and for a pillar-like system (Fig. 2(b), R = 4nm, d =
12nm). We find that in the first case the angular momen-
tum of the hole, lh, remains zero over the wholeB-regime,
whereas for the latter case we find angular momentum
transitions with increasing magnetic field. These follow
from the fact that, when the hole is sitting at the radial
boundary, the magnetic field pushes the hole closer to the
disk boundary, making it energetically more favourable
to jump to a higher lh state.
In a next step, we consider the influence of an electric
field, applied along the z-direction. Application of such
an electric field leads to a polarisation of the system.
Following parameters were used: R = 10nm, d = 2nm,
Ve = 250meV and Vh = −50meV. Fig. 3 depicts the de-
pendence of the exciton energy on the applied electric
field. We observe a shift towards lower energies with in-
creasing F, which is the so called Stark shift. The inset of
Fig. 3 shows the behaviour of the hole wavefunctionwhich
moves towards the bottom of the disk with increasing
electric field. The Stark shift is almost entirely due to
the shift of the hole. Note that the calculation is limited
to very small values of the electric field. Since the hole
is only confined to the dot by the Coulomb attraction
to the electron, the system becomes fastly unbound at
higher fields.
Finally, the system of three vertically coupled dots was
studied under the influence of a magnetic field. This sys-
tem is especially interesting as it allows to construct a
pillar-like structure. We now have an extra parameter to
vary, namely the interdot distance dd. When dd is very
small, there will be not enough space for the holes to sit
between the quantum dots. Therefore, when the total
stack height (i.e. three times the dot thickness plus two
times the interdot distance) is larger than the disk diam-
eter, the hole will prefer to sit at the radial boundary,
exactly as in the case of the pillar-like system for a single
dot. For our numerical work we used the parameters:
R = 8nm, d = 3nm, Ve = 250meV and Vh = −30meV.
Fig. 4 shows the exciton energy for dd = 3nm as function
of the magnetic field, and we see again the appearance
of angular momentum transitions. The insets of Fig. 4
show contourplots for the hole wavefunction at respec-
tively B = 0T, where lh = 0, and B = 50T, where lh = 4
is the groundstate. At B = 0T, part of the hole wave-
function is still between the dots. By applying a strong
magnetic field, a large part of the hole wavefunction is
pushed between the dots. However, there is not enough
space, and therefore it is more favourable to jump to a
higher lh state. When we increase now the interdot dis-
tance dd to 5.5nm, we give the hole more space between
the dots and in this way create a transition to a regime
without angular momentum transitions (like the disk-like
regime). This is depicted in Fig. 5, where the insets show
the contourplots of the hole wavefunction at respectively
B = 0T and B = 50T. We find no angular momentum
transition, and we see that atB = 50T the hole is entirely
situated between the dots.
IV. CONCLUSIONS
We studied the exciton energy in a single type II quan-
tum disk as a function of the magnetic field. We made a
distinction between a disk-like regime, where the hole an-
gular momentum remains zero, and a pillar-like regime,
where angular momentum transitions appear with in-
creasing magnetic field. Applying an electric field results
in a Stark shift towards lower energies and a strong po-
larisation of the hole wavefunction. Finally we studied
the case of three vertically coupled dots. For very small
interdot distances, this systems resembles the pillar-like
regime, with the occurrence of angular momentum tran-
sitions. When increasing the interdot distance, we found
no longer lh transitions, because of the possibility for the
hole to sit between the dots.
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FIG. 1. Phase diagram of the probability for the hole wave-
function to sit at the radial border of the disk, as a function
of both R and d. The insets show the contourplots of the
hole wavefunction, at respectively R = 4nm, d = 12nm and
R = 12nm, d = 4nm. The dashed lines indicate the boundary
of the disk.
FIG. 2. The exciton energy as a function of the magnetic
field, for (a) a disk-like structure and (b) a pillar-like struc-
ture.
FIG. 3. The exciton energy as a function of a vertical elec-
tric field. The inset shows the hole wavefunction for a field of
F = 1kV/cm.
FIG. 4. The exciton energy as a function of the magnetic
field for three coupled dots, with dd = 3nm. The insets are
contourplots of the hole wavefunction at respectively B = 0T
and B = 50T.
FIG. 5. The same as Fig. 4, but now for dd = 5.5nm.
3
24
6
8
10
12
14
2 4 6 8 10 12 14
0.035
0.070
0.18
0.28
0.020
0.040
0.060
50%
 
R (nm)
d
 
(
n
m
)
0 5 10 15 20
-20
-15
-10
-5
0
5
10
15
20
 
z
h
 
(
n
m
)
 
 
rh (nm)
0 5 10 15 20
-20
-15
-10
-5
0
5
10
15
20
 
z
h
 
(
n
m
)
rh (nm)
0 10 20 30 40 50
52
54
56
58
60
62
60
65
70
75
80
85
 lh = 0
 lh = 1
 lh = 2
 lh = 3
 
 
e
xc
ito
n
 e
n
e
rg
y 
(m
e
V)
B (T)
(a)
(b)
 
 
e
xc
ito
n
 e
n
e
rg
y 
(m
e
V)
0 1 2 3 4 5
128
129
130
131
132
133
134
0.022
0.045
0.090
0.18
0.27
 
 
e
x
c
i
t
o
n
 
e
n
e
r
g
y
 
(
m
e
V
)
F (kV/cm)
0 2 4 6 8 10 12 14
-20
-15
-10
-5
0
5
10
 
 
z
 
(
n
m
)
r (nm)
0 10 20 30 40 50
100
105
110
115
120  lh = 0
 lh = 1
 lh = 2
 lh = 3
 lh = 4
 
 
e
x
c
i
t
o
n
 
e
n
e
r
g
y
 
(
m
e
V
)
B (T)
0 5 10 15 20 25
-20
-10
0
10
20
 
 
 r (nm)
B = 50T
lh = 4
B = 35T
lh = 3
B = 50T
lh = 4
B = 0T
lh = 0
z
 
(
n
m
)
0 5 10 15 20 25
-20
-10
0
10
20
 
 
z
 
(
n
m
)
 
r (nm)
0 10 20 30 40 50
110
115
120
125
130
135
 
 
e
xc
ito
n
 e
n
e
rg
y 
(m
e
V)
B (T)
0 2 4 6 8 10 12 14
-15
-10
-5
0
5
10
 r (nm)
 
 
z 
(nm
)
0 2 4 6 8 10 12 14
-15
-10
-5
0
5
10
15
 r (nm)
 
 
z 
(nm
)
